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离散分布参数的置信区间

一个恒等式是 ∫ 1

p

n!
(k − 1)!(n − k)!

zk−1(1 − z)n−k dz =
k−1∑
x=0

(
n
x

)
px(1 − p)n−x

从而根据Γ函数和二项式展开,有∫ p

0

n!
(k − 1)!(n − k)!

zk−1(1 − z)n−k dz =
n∑

w=k

(
n
w

)
pw(1 − p)n−w

证明方法:
1 分部积分,拆成k项求和
2 一个简单的办法是: 两边对p求导.

学业辅导中心 数理统计 week 5 2 / 32



离散分布参数的置信区间

一般结论: 得到保守的置信区间,也就是给出的置信区间的长度更长.

θ̄ = sup
{
θ : FT (T ; θ) ⩾ α1

}
θ = inf

{
θ : FT (T−; θ) ⩽ 1 − α2

}
因此,有

θ > θ̄ ⇒ FT (T ; θ) ⩽ α1

θ < θ ⇒ FT (T−; θ) ⩾ 1 − α2

利用这些关系,得出

P[θ < θ < θ̄) = 1 − P[{θ < θ} ∪ {θ > θ̄}] = 1 − P[θ < θ) − P[θ > θ̄]

⩾ 1 − P [FT (T−; θ) ⩾ 1 − α2] − P [FT (T ; θ) ⩽ α1]⩾1 − α1 − α2
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F(x) =
∫ x

0
f(x)dx =

∫ x

0
2xdx

=
(
x2

)x

0
= x2.
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Ex 4.4.6.(a)

1/2 = P (X ≤ ξ1/2)

=

∫ ξ1/2

0
2xdx

=

∫ ξ1/2

0
dx2

= (ξ1/2)
2
− 1

⇒ (ξI/2)
2 = 1/2

⇒ ξ1/2 = (1/2)1/2

因此

P
(
ξ1/2 ≤ X(1)

)
= P (ξ1/2 ≤ X1)P (ξ1/2 ≤ X2)P (ξ1/2 ≤ X3) =

1
8
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Ex 4.4.6. (b)

只需知道X(2),X(3)的联合分布:

g23 (x2, x3) =


3!

(2 − 1)!(3 − 2 − 1)!(3 − 3)!
[(F (x2))]

2−1 [F (x3) − F (x2)]
3−2−1

]
[1 − F (x3)]

3−3 f (x2) f (x3)

= 3!F (x2) f (x2) f (x3)

= 6x2
2 2x22x3

= 24x3
2 x3, 0 < x2 < x3 < 1

进一步求期望(积分)是不困难的,可以课下动手试一试.
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本题需要注意的地方在于连续场合和离散场合的差别: 怎样表达出顺序统计量的pmf?

提示

P (Y1 = y1) = P (Y1 ≥ y1) − P (Y1 ≥ y1 + 1)
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Ex 4.4.7.

P (Y1 = y1) = P (X1,X2, . . . ,X5 ≥ y1) − P (X1,X2, . . . ,X5 ≥ y1 + 1)

= [P (X ≥ y1)]
5
− [P (X ≥ y1 + 1)]5

=
(7 − y1

6

)5
−

(
7 − y1 − 1

6

)5

=
(7 − y1

6

)5
−

(
6 − y1

6

)5

, y1 = 1, 2, 3, 4, 5, 6

提示

P (Y1 = y1) = P (Y1 ≥ y1) − P (Y1 ≥ y1 + 1)
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注记

本题给出来一个从均匀分布到β分布的方法.
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Ex 4.4.9.

gk (yk ) =
n!

(k − 1)!(n − k)!
[F (yk )]

k−1 [1 − F (yk )]
n−k f (yk )

=
n!

(k − 1)!(n − k)!

[∫ yk

0
f(x)dx

]k−1 [
1 −

∫ yk

0
f(x)dx

]n−k

f (yk )

=
n!

(k − 1)!(n − k)!

[∫ yk

0
1dx

]k−1 [
1 −

∫ yk

0
1dx

]n−k

× 1

=
n!

(k − 1)!(n − k)!
yk−1

k (1 − yk )
n−k

=
Γ(n + 1)

Γ(k)Γ(n − k + 1)
yk−1

k (1 − yk )
(n−k+1)−1 ,
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P(Y2 ≤ y) = P(X1 ≤ y)P(X2 ≤ y) = F(y)2, P(Y1 ≤ y) = 1 − [1 − F(y)]2
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Ex 4.4.28.

由于正态分布的均值就是中位数,于是

P (Yi < ξp < Yj) =

j−1∑
w=i

(
n
w

)
(pw) (1 − p)n−w

代入即可

P (Y1 < µ < Y2) =

(
2
1

) (
1
2

)1 (
1
2

)2−1

=
1
2

进一步,知道Y1,Y2的密度函数,分别计算期望,做差即可.
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Ex 4.4.28.

P

−c <
X̄ − µ√
σ2/2

< c

 = 1
2

⇒ 1 − 2 × P

 X̄ − µ√
σ2/2

< −c

 = 1
2

⇒ P

 X̄ − µ√
σ2/2

< −c

 = 1
4

P

X̄ − 0.6745

√
σ2

2
< µ < X̄ + 0.6745

√
σ2

2

 = 1
2

⇒ P
(
X̄ − 0.6745

σ
√

2
< µ < X̄ + 0.6745

σ
√

2

)
=

1
2

⇒ P(X̄ − 0.4769σ < µ < X̄ + 0.4769σ) =
1
2
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一个典型的基于二项分布的中位数置信区间问题,找k恰好满足

1 − 2P(binom(n, 0.5) ≤ k) ≥ 0.90

对应区间
(X(k+1),X(n−k))
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Ex 4.4.31.

P(cθ < Yn < θ) = P(Yn < θ) − P(Yn < cθ) = 1 − c3n

P(1 < θ/Yn < 1/c) = P(Yn < θ < Yn/c)
set
= 0.95

反解出c再带入即可.
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Ex 4.5.3.

γC(θ) = P
(
x1x2 ≥

3
4

)
=

∫ 1

3/4

∫ 1

3/4x2

θ2 (x1x2)
θ−1 dx1dx2

= θ2
∫ 1

3/4

1
θ

1 − (
3

4x2

)θ xθ−1
2 dx2

= 1 −
(
3
4

)θ
− θ

(
3
4

)θ (
log 1 − log

3
4

)
= 1 −

(
3
4

)θ
+ θ

(
3
4

)θ
log

3
4
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Ex 4.5.5.

条件:

⇒

1
4 exp

(
−

x1
2 −

x2
2

)
exp (−x1 − x2)

≤
1
2

⇒

1
4 exp

(
−

(
x1+x2

2

))
exp (− (x1 + x2))

≤
1
2

⇒
1
4
exp

(
−

x1 + x2

2
+ x1 + x2

)
≤

1
2

⇒ exp
(x1 + x2

2

)
≤ 2

⇒ x1 + x2 ≤ 2 ln(2)

功效函数
γC(θ) = Pθ (X1 + X2 ≤ 2 ln 2)
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Ex 4.5.5.

显著性水平:
α = Pθ=2 (X1 + X2 ≤ 2 ln 2) .

α =

∫ 2 ln(2)

0

1
4

xe−
x
2 dx

=
1
4

∫ 2 ln(2)

0
xe−

x
2 dx

=
1
4

(
−2(x + 2)e−

x
2
)2 ln(2)

0

= −
1
2

[
(2 ln(2) + 2)e− ln(2) + 2

]
= 1 − e− ln(2) − ln(2)e− ln(2)

=
1
2
(1 − ln 2)
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Ex 4.5.5.

检验功效:

γ(1) =
∫ 2 ln(2)

0
xe−xdx

=

∫ 2 ln(2)

0
xe−xdx

= (−(x + 1)e−x)
2 ln(2)
0

=
[
−(2 ln(2) + 1)e−2 ln(2) + 1

]
= −2 ln(2)e−2 ln(2) − e−2 ln(2) + 1

=
3
4
−

1
2
ln(2)

=
3
4
−

1
2
(0.6931)

= 0.4035
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Ex 4.5.8.

拒绝域
x − θ0

σ/
√

n
≥ zα

功效函数:

γ(θ) = Φ

(
−zα −

√
n (θ0 − θ)

σ

)
由于

θ0 + zα
σ
√

n
= c

于是

γ(30000) = 1 − Φ
(
c − θ0
σ/
√

n

)
= 1 − Φ

(
c − 30000

5000/
√

n

)
= 0.01
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Ex 4.5.8.

1 − Φ
(
c − 30000

5000/
√

n

)
= 0.01

γ(35000) = 1 − Φ
(
c − 30000

5000
√

n
+

√
n(30000 − 35000)

5000

)
= 0.98

两式联合解出c, n.
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fY4 (y4) = 4
y3

4

θ4
0 < y4 < θ
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Ex 4.5.11 (a)

P( Type I error ) = 0.05

P ( reject H0 | H0 is true ) = 0.05

P (Y4 ≥ c | θ = 1) = 0.05∫ θ=1

c
4

y3
4

(1)4
dy4 = 0.05

解出c

4
∫ 1

c
y3

4 dy4 = 0.05

c4 = 0.95
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Ex 4.5.11 (b)

为求检验功效函数
Υ(θ) = P (Y4 ≥ 0.9873 | θ > 1)

=

∫ θ

0.9873
4

y3
4

θ4
dy4

=
4
θ4

y4
4

4

θ
0.9873

=

(
θ4 − 0.98734

)
θ4

= 1 −
0.95
θ4

θ > 1
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统计量: 3, df: 15

1 > pt(3, 15, lower.tail = F)
2 [1] 0.004486369
3 > pnorm(3, lower.tail = F)
4 [1] 0.001349898
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Ex 4.6.7.

T =
(x̄ − ȳ) −

(
µX − µy

)
√

(n−1)s2
x+(m−1)s2

y
n+m−2

√
1
n + 1

m

=
(72.9 − 81.7) − 0√

(13−1)(25.6)2+(16−1)(28.3)2

13+16−2

√
1

13 + 1
16

=
−8.8

10.13137
≈ −0.869
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下面两题直接计算即可.

c = 23.34

c = 2.913
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